Received: August 1, 2001, Accepted: August 10, 2001

HYPER VERSION

Derivative corrections to the D-brane Born-Infeld action: non-geodesic embeddings and the Seiberg-Witten map

Niclas Wyllard^∗

Martin Fischer School of Physics, Brandeis University Waltham MA02454, USA E-mail: wyllard@brandeis.edu

Abstract: We dimensionally reduce the four-derivative corrections to the parity-conserving part of the D9-brane effective action involving all orders of the gauge field, to obtain corrections to the actions for the lower-dimensional Dp-branes. These corrections involve the second fundamental form and correspond to a non-geodesic embedding of the Dp-brane into (flat) ten-dimensional space. In addition, we study the transformation of the corrections under the Seiberg-Witten map relating the ordinary and non-commutative theories. A speculative discussion about higher-order terms in the derivative expansion is also included.

Keywords: D-branes, Non-Commutative Geometry.

∗Research supported by DOE grant DE-FG02-92ER40706.

Contents

1. Introduction 1

2. Dp-brane actions: non-geodesic embeddings 2

3. Derivative corrections to the Born-Infeld action and the Seiberg- Witten map 5 3.1 The zeroth-order terms 6 3.2 Derivative corrections: general framework 9 3.3 Bosonic-string D-branes: two derivative corrections 10 3.4 Superstring D-branes: four-derivative corrections 12

4. Speculations on higher-order corrections 14

1. Introduction

D-branes [1] play a central role in current research in string theory. Many aspects of D-brane physics can be analyzed within the context of the effective field theory living on the D-brane. The action for this field theory is well understood for a single D-brane and slowly varying fields [2]. Some of the higher-order corrections in a derivative expansion are also known for a brane propagating in a flat supergravity background [3, 4] and also for propagation in curved backgrounds [5, 6]. In this paper we study some aspects of the derivative corrections to the (abelian) effective action for a D-brane propagating in a flat background.

In the next section we dimensionally reduce the recently determined expression for the four-derivative corrections to the parity-conserving Born-Infeld part of the D9-brane action, obtaining corrections to the actions for the lower-dimensional Dpbranes. We show that the part of these corrections involving only the transverse scalars can be written in terms of the second fundamental form as required on general grounds. The resulting expression is shown to agree with a previous result in the literature [6].

In section 3 the transformation properties of the derivative corrections to the D-brane action under the Seiberg-Witten map [7] are studied. Earlier work on this topic can be found in [8]–[11]. We begin by briefly discussing the zeroth-order terms in the derivative expansion (including the fermions and the transverse scalars) and their invariance under the Seiberg-Witten map. We then introduce some general terminology which will facilitate the later analysis and discuss the properties of manifest invariants under the Seiberg-Witten map. These results are then applied to the recently proposed expression [12] for the two-derivative corrections involving all orders in F to the action for a D-brane in the bosonic string theory. We conclude the section by showing that the subset of the four-derivative corrections to the parityconserving Born-Infeld part of the D9-brane effective action which gives rise to the corrections discussed in section 2 upon dimensional reduction are invariant under the Seiberg-Witten map, and briefly discuss how the rest of the terms might modify this result. Recently, the Seiberg-Witten map has been constructed to all orders in the non-commutativity parameter [13]. We will not make use of these results in this paper, although we will comment briefly on them in later sections. Even more recently some aspects of the transformation properties of the derivative corrections to the D9-brane action under the Seiberg-Witten map have been studied [14]. There is some overlap with our work; however, we work to all orders in the gauge field strength but to first order in the non-commutativity parameter, whereas in [14] the results are obtained by working to all orders in the non-commutativity parameter but order by order in the gauge field. The two methods are thus complementary, although for some applications the approach in [14] appears to be more powerful.

Finally, section 4 contains a speculative discussion about derivative corrections beyond the fourth order. In particular, we propose a formula connecting the derivative corrections to the Wess-Zumino term to derivative corrections to the Born-Infeld part. A few tests of this relation are successfully performed.

2. Dp-brane actions: non-geodesic embeddings

In [4] we calculated some corrections to the parity-violating Wess-Zumino term for the D9-brane action. These corrections were dimensionally reduced leading to corrections for the lower-dimensional Dp-branes, and it was shown that the part of the Dp-brane action involving only the transverse scalars obtained that way correctly reproduces previously known results in the literature [6]. In this section we will discuss the form of the four-derivative corrections in lower dimensions obtained by dimensional reduction of the parity-conserving part. For simplicity we will set the gauge field in the lower dimension to zero, thus retaining only the transverse scalars. On general grounds one expects that the resulting action should be expressible in terms of the second fundamental form, and we will find that this is indeed the case.

We will label ten-dimensional indices by M, N, . . ., world-volume indices by μ, ν, . . ., and indices for the transverse (normal) directions i, j, . . .. There is a general theory describing the embedding of a Dp-brane into flat ten-dimensional space. The embedding is described by the objects ∂_μY^M , which span a local frame of the tangent bundle and the ξ^i_M which play a similar role for the normal bundle (see e.g. [6] for further details). World-volume indices are raised and lowered with the induced metric g_{μν} = δ_{MN} ∂_μY^N ∂_ν Y^M . Transverse indices are raised and lowered with δ_{ij} and ten-dimensional indices with δ_{MN} . The fundamental quantity describing the embedding is the second fundamental form, Ω^M_{μν} , defined as the covariant derivative of ∂_μY^M , i.e.

Ω^M_{μν} = D_μ∂_ν Y^M = ∂_μ∂_ν Y^M − Γ_T^λ_{μν} ∂_λY^M , (2.1)

where Γ_T^λ_{μν} is the connection constructed from the induced metric. It is straightforward to show that Ω^M_{μν} = (δ^M_L − ∂_λY^M g^{λρ}∂_ρY^K δ_{KL})∂_μ∂_ν Y^L =: P^M_L ∂_μ∂_ν Y^L, where P^M_L is a projection matrix, P^M_N P^N_L = P^M_L . The projection of Ω^M_{μν} onto the tangent bundle vanishes, so it is sufficient to consider its projection onto the normal bundle, Ω^i_{μν} := ξ^i_M Ω^M_{μν} . The following relation is also useful, ξ^i_M ξ^j_N δ_{ij} = P_{MN} . When comparing with the dimensional reduction of the D9-brane action, we will use the static gauge in the lower dimension: Y^μ = x^μ and Y^i = X^i(x).

The parity-conserving part of the action for a D9-brane propagating in flat tendimensional space, correct up to four derivatives (order α^{′2} in our conventions^1) is given by [4]

S_{BI} = −T_9 ∫ d^{10}x √ h ( 1 + (2πα^′)^2 96 [ −h^{μ4μ1} h^{μ2μ3} h^{ρ4ρ1} h^{ρ2ρ3} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + + 1 2 h^{ρ4ρ1} h^{ρ2ρ3} S_{ρ1ρ2} S_{ρ3ρ4} ]) , (2.2)

where h_{μν} = δ_{μν} + F_{μν} , h^{μλ} is its inverse (h^{μν} h_{νλ} = δ^μ_λ ) and h is short-hand for det(h_{μν} ). Furthermore,

S_{ρ1ρ2μ1μ2} := ∂_{ρ1} ∂_{ρ2} F_{μ1μ2} + 2h^{ν1ν2} ∂_{ρ1} F_{[μ1|ν1} ∂_{ρ2 |}F_{μ2 ]ν2} , (2.3)

and S_{ρ1ρ2} := h^{μ1μ2} S_{ρ1ρ2μ1μ2} . Below we will also use the notation h^{μν}_S =^1_2 [h^{μν} + h^{νμ}] and h^{μν}_A =^1_2 [h^{μν} − h^{νμ}]. We have written the above action in euclidian space; the transition to lorentzian signature is straightforward.

Performing the dimensional reduction starting from the action (2.2) turns out to be rather cumbersome, as the lower-dimensional result can not immediately be rewritten in terms of Ω^i_{μν} . It turns out to be easier to first rewrite the action in a more convenient form and then reduce. When rewriting the action we ignore all terms which are proportional to the lowest order equation of motion

0 = ∂_μ( √ hh^{μν}_A ) = −h^{μη}_S h^{δν}_S ∂_μF_{ηδ} , (2.4) since such terms can be removed by field redefinitions. We also remove all terms which vanish identically upon dimensional reduction when the gauge field in the lower

1Our conventions are such that the (dimensionless) field strength 2πα^′F (which we will denote F ) is of zeroth order. This makes the expansion in derivatives an expansion in α^′.

dimension is set to zero. With these restrictions the action (2.2) can be rewritten, after integrations by parts, as −T_9 ∫ d^{10}x √ h [1 −^{(2πα′ )2}_{96} (I_1 − 2I_2 + I_3 + 4I_4)] , (2.5)

where

I_1 = h^{μ1μ4}_S h^{μ2μ3}_S h^{ρ1ρ4}_S h^{ρ2ρ3}_S [∂_{ρ1} ∂_{ρ2} F_{μ1μ2} + 2∂_{ρ1} F_{[μ1|ν1} h^{ν1ν2}_A ∂_{ρ2} F_{μ2]ν2} − − ∂_{(ρ1} F_{ρ2)ν1} h^{ν1ν2}_A ∂_{ν2} F_{μ1μ2} ] × ×[∂_{ρ3} ∂_{ρ4} F_{μ3μ4} + 2∂_{ρ3} F_{[μ3|ν3} h^{ν3ν4}_A ∂_{ρ4} F_{μ4]ν4} − ∂_{(ρ3} F_{ρ4)ν3} h^{ν3ν4}_A ∂_{ν4} F_{μ3μ4} ] I_2 = h^{μ1μ4}_S h^{μ2μ3}_S h^{ρ1ρ2}_S h^{ρ3ρ4}_S h^{ν1ν3}_S h^{ν2ν4}_S ∂_{ρ1} F_{μ1ν1} ∂_{ρ2} F_{μ2ν2} ∂_{ρ3} F_{μ3ν3} ∂_{ρ4} F_{μ4ν4} , I_3 = h^{μ1μ2}_S h^{μ3μ4}_S h^{ρ1ν3}_S h^{ρ2ν4}_S h^{ν1ν2}_S h^{ρ3ρ4}_S ∂_{ρ1} F_{μ1ν1} ∂_{ρ2} F_{μ2ν2} ∂_{ρ3} F_{μ3ν3} ∂_{ρ4} F_{μ4ν4} , I_4 = h^{μ1μ2}_S h^{μ3ρ4}_S h^{ρ3μ4}_S h^{ρ1ρ2}_S h^{ν1ν2}_S h^{ν3ν4}_S ∂_{ρ1} F_{μ1ν1} ∂_{ρ2} F_{μ2ν2} ∂_{ρ3} F_{μ3ν3} ∂_{ρ4} F_{μ4ν4} . (2.6) When dimensionally reducing, the gauge field F_{MN} splits into F_{μν} and F_{μi} = ∂_μX_i (F_{ij} ≡ 0). Thus, h_{MN} = ( (1+F )_{μν} ∂_μX_j −∂_ν X_i δ_{ij} ) . (2.7)

The inverse, h^{MN} , becomes h^{MN} = (~ h^{μν} −h̃^{μλ}∂_λX^j ∂_λX^ih̃^{λν} δ^{ij} − ∂_λX^ih̃^{λρ}∂_ρX^j ) , (2.8)

where h̃^{μν} = (^1_{1+F +∂Xi∂Xi} )^{μν} . When F_{μν} = 0, h̃^{μν} reduces to the inverse of the induced metric, g^{μν} . Furthermore, it is important to note that (when F is zero) h^{ij} = P^{ij}, where P^{ij} is the projection operator defined below (2.1). The dimensional reduction of I_1 leads to

I_1 →−2h^{ij} g^{μ1μ2} g^{ν1ν2} g^{ρ1ρ2} [∂_{μ1} ∂_{ν1} ∂_{ρ1} X_i −(∂_{μ1} ∂_{ν1} X_k∂_λX^kg^{λη}∂_η ∂_{ρ1} X_i +(μρν)+(ρνμ))] × × [∂_{μ2} ∂_{ν2} ∂_{ρ2} X_j − (∂_{μ2} ∂_{ν2} X_k∂_λX^kg^{λη}∂_η ∂_{ρ2} X_j + (μρν) + (ρνμ))] (2.9) which can be shown to be equal to −2D_ρΩ_{iμν} D^ρΩ^{iμν} (where DΩ is assumed to be projected onto the normal bundle). Similarly, the other I_i’s reduce as follows I_2 → 2Ω_{iρμ}Ω^i_{λν} Ω_j^{ρν} Ω^{jλμ} , I_3 → 2Ω_{iρμ}Ω^{iρλ}Ω_{jλν} Ω^{jμν} , I_4 → Ω_{iρμ}Ω^i_{λν} Ω_j^{ρμ}Ω^{jλν} . (2.10) In total we get the action (we have set T_p = 1 and the · indicates contraction with δ_{ij} ) S = − ∫ d^{p+1}x √ g [ 1 + π^2α^{′2} 12 (D_ηΩ_{μν} · D^ηΩ^{μν} + 2Ω_{ρμ} · Ω_{σν} Ω^{ρσ} · Ω^{μν} − (2.11)

− 2Ω_{ρμ} · Ω_{σν} Ω^{ρμ} · Ω^{σν} − Ω_{ρλ} · Ω^{λν} Ω_{νη} · Ω^{ηρ}) ] which is written solely in terms of the second fundamental form as expected.

We would like to compare this action to the corrections obtained in [6] (see also [15]). In that paper it was argued that the terms involving the second fundamental form should take the form S = − ∫ √ g ( 1 − (πα^′)^2 48 [(R_T )_{ρλμν} (R_T )^{ρλμν} − 2(R_T )_{μν} (R_T )^{μν} − (R_N )_{ρλij} (R_N )^{ρλij} +

+ 2R̄_{ij}R̄^{ij} ] ) , (2.12)

where, in a flat ten-dimensional background, we have the relations [6] (R_T )_{μνρλ} = δ_{ij} Ω^i_{μρ}Ω^j_{νλ} − (μ↔ν) , (R_N )_{μν}^{ij} = g^{ρλ}Ω^i_{μρ}Ω^j_{νλ} − (μ↔ν) , R̄^{ij} = g^μ1^μ2 g^ν1^ν2 Ω^i_{μ1 ν1} Ω^j_{μ2 ν2} . (2.13)

Plugging these results into (2.12) and dropping terms proportional to the lowest order equation of motion, g^{μν} Ω^i_{μν} = 0, we get S = − ∫ d^{p+1}x √ g [ 1 − π^2α^{′2} 12 (Ω_{ρμ} · Ω_{σν} Ω^{ρμ} · Ω^{σν} − Ω_{ρμ} · Ω^{μν} Ω_{λη} · Ω^{ηρ}) ] , (2.14)

which at first sight differs from our result (2.11). However, it is possible to show that (when the background ten-dimensional space is flat) the following relation holds (modulo field redefinitions and total derivatives)^2

D_ρΩ_{μν} ·D^ρΩ^{μν} = 2 Ω_{ρμ} ·Ω^{μλ} Ω_{λη} ·Ω^{ηρ} +Ω_{ρμ} ·Ω_{ηδ} Ω^{ρμ} ·Ω^{ηδ} −2 Ω_{ρμ} ·Ω_{ηδ} Ω^{ρη} ·Ω^{μδ} , (2.15)

which is exactly what is needed for agreement between (2.11) and (2.14). We thus find agreement between our result and the result in [6]. The result in [6] was obtained by extrapolation from four-string scattering amplitudes, and thus the extension to all orders may not be unambiguous. In fact, it was recently noted [15] that the result in [6], at least at first sight, does have some ambiguities, but it was argued that such ambiguities should be absent. Our result confirms that the result in [6] is correct to all orders. The agreement between (2.11) and (2.14) is also indirect evidence for the correctness of the result (2.2).

3. Derivative corrections to the Born-Infeld action and the Seiberg-Witten map

In this section we will discuss the transformation properties of the derivative corrections to the D-brane action under the Seiberg-Witten (SW) map relating the ordinary and non-commutative versions of the D-brane effective action.

2We would like to thank Angelos Fotopoulos for discussions which were helpful in establishing this relation.

As is well known, the SW map is such that the D-brane effective action is form invariant after transforming the gauge field, the metric and the string coupling constant in prescribed ways, replacing ordinary products with ∗-products and ordinary derivatives with covariant derivatives. More precisely, the relations between the metrics and between the coupling constants are encoded in:^3 1 g + B = 1 G + Φ + θ , G_S g_S = ( det (G + Φ) det (g + B)

) 1_2 . (3.1)

The ∗-product is defined in the usual way as

X(x) ∗ Y (x) = e^{iπα′θηδ∂1η ∂2δ} X(x^1)Y (x^2)|_x1_{=x}2_{=x} = XY + iπα^′θ^{ηδ} ∂^1_η X∂^2_δ Y + O(α^{′2}) , (3.2) and the covariant derivative is defined as D_ρX = ∂_ρX −^i_{2πα′} [A_ρ ∗ X − X ∗ A_ρ]. There are various different possible choices for Φ [7, 16]. Throughout this paper we will set Φ = 0 and work to first order in the non-commutativity parameter, θ, but to all orders in F . In the recent work [14] the transformation properties of the derivative corrections to the D-brane action in the superstring theory were discussed (both for the Born-Infeld and Wess-Zumino parts of the action) using the all order result for the SW map [13], but working order by order in F . In that work the choice Φ = −B was made. Our approach is complementary to the one in [14].

3.1 The zeroth-order terms

Before proceeding to the derivative corrections, let us review the situation for the zeroth-order terms in the derivative expansion.

The gauge field. As already mentioned the SW map transforms the lagrangean written in terms of the non-commutative variables L(F̂ , G, G_S, D, ∗) to the equivalent description in terms of the commutative variables and the lagrangean L(F + B, g, g_S, ∂, ·). For simplicity we will expand all quantities in B and work to first order in B. As we will see later, from an algebraic point of view this is essentially equivalent to working to first order in θ. To first order in B the transformation of the gauge field is F̂ = F + δF , with δF_{μν} = F_{μη}B^{ηδ} F_{δν} + A_ηB^{ηδ} ∂_δF_{μν} . (3.3) The metric and the string coupling constant are unchanged at this order. Neglecting all derivatives acting on F implies that the ∗-products can be replaced by ordinary products in the action for the non-commutative theory. To the order we are working, the statement that L(F̂ ) and L(F + B) should be related by the SW map can be formulated as (modulo a total derivative) ΔL(F ) = 0, where Δ = δ − δ_B, with δ is

3We have rescaled B by a factor of 2πα^′; B in the following formulæ is really 2πα^′B. A similar comment holds for Φ and θ.

as in (3.3) and δ_B F = B. The equality of the non-commutative and ordinary actions can thus be formulated as an invariance of the action for the non-commutative theory under Δ. By a slight abuse of terminology, we will refer to Δ = δ − δ_B as the SW map. In what follows, we will drop the hats from the non-commutative variables. One can shown that invariance under the SW map of the lagrangean L(F ) depending only of the gauge field strength, F , implies the differential equation δL δF_{μν} + δL δF_{ηδ} F_η^μF_δ^ν − F^{μν} L = 0 . (3.4)

By going to the special Lorentz frame where F_{μν} is block-diagonal with blocks ( 0 f_i −f_i 0 ) it is easy to show that (up to a multiplicative constant) the general solution is the Born-Infeld lagrangean √ det(1 + F ). Thus, the SW map uniquely determines the Born-Infeld action as the only invariant action (if one neglects higher-derivative terms).^4.

The transverse scalars. So far we have only discussed the dependence of the lagrangean on the gauge field. In dimensions less than ten, the D-brane action also depends on the transverse scalars. We denote the transverse scalars by X^i, where i = p+1, . . . , 9. It is easy to derive the SW transformation ΔX^i ≡ δX^i = −θ^{ηδ} A_η∂_δX^i. The natural naive guess is that the lagrangean is a function of^5 F_{μν} and ∂_μX^i∂_ν X_i: L = L(F, ∂X ∗ ∂X). Requiring this action to be invariant under Δ leads to the equation: δL δF_{μν} = − δL δF_{ηδ} F_η^μF_δ^ν + F^{μν} L − 2∂_ηX^iF^μ_δ∂^ν X_i δL ∂_ηX∂_δX . (3.5)

It is easy to see that the expected result det(g + F + ∂X∂X)^{− 1}2 does not satisfy this relation. The reason for the discrepancy is that on the non-commutative side there can be commutator terms of the form^i_{2πα′} [X^i, X^j] = B^{ηδ} ∂_η X^i∂_δX^j + O(B^2), which lead to corrections to the map Δ and hence to the above equation (3.5). To see which terms are required we recall that in [17] the terms needed for consistency of the non-abelian D-brane action with T-duality were determined with the result S = −T_p ∫ d^{p+1}ξ Tr(det D det Q)^{1/2} , (3.6)

where the matrices D_{μν} and Q_{μν} are given in [17]. We will only need the leading terms here: D_{μν} = (g + F )_{μν} −^i_{2πα′} ∂_μX^i[X^i, X^j]∂_ν X^j + · · · and det Q = 1 + · · ·. Reinterpreting this action as an action for the non-commutative U(1) theory (i.e. replacing matrix products with ∗-products and then taking the gauge group to be

4Throughout this paper we will work in euclidian space. In the lorentzian case, the time direction should be treated more carefully.

5We have rescaled the X^i’s to make ∂X dimensionless.

U(1)) shows that the extra contribution coming from Δ √ det D (more precisely from the part with the [X^i, X^j] commutator) is exactly what is needed to make the action invariant (to first order in B). Turning things around, one could have used the requirement of invariance under the SW map together with the known form of the action in the commutative limit to learn about “commutator” corrections in the noncommutative U(1) theory. These can be unambiguously lifted to corrections in the non-commutative U(N) theory if one assumes that the action only contains an overall trace (as is expected) and can then be translated into corrections in the non-abelian U(N) theory by taking the commutative limit.

The fermions. One may also study how the introduction of fermions affects the discussion. The fermions transform as ΔΨ ≡ δΨ = −θ^{ηδ} A_η∂_δ Ψ under the SW map. The form of this transformation is fixed by the fact that the fermions in the U(1) commutative theory are invariant under gauge transformations. Let us assume that the action contains the usual kinetic term (for a fermion coupled to a gauge field) L^{(0)} = Ψ̄γ^λD_λΨ. Proceeding naively, one finds that ΔL^{(0)} = −^1_2 θ^{ηδ} F_{ηδ}Ψ̄γ^λ∂_λΨ + θ^{ηδ} F_{ηλ}Ψ̄γ^λ∂_δΨ. Adding the most general term involving F^2:

aF^{μν} F_{μν}Ψ̄γ^λD_λΨ + bF^{λμ}F_μ^νΨ̄γ_λD_ν Ψ , (3.7)

and choosing a = 1/4, b = 1 implies that its variation cancels the variation of L^{(0)} (modulo F^3 terms), however, it also gives an additional term: B^{ηδ} F_δ^λΨ̄γ_η∂_λΨ, which seemingly can not be removed. The resolution of this puzzle can again be traced to a “non-abelian” effect. Recall that γ^λ is the pull-back to the world volume of Γ^M , the ten-dimensional gamma matrix, i.e. γ_λ = ∂_λY_M Γ^M . Now in the ordinary action we use the static gauge so ∂_ρY^M = δ^M_ρ (we ignore the transverse scalars if present). In the non-commutative action we should replace the derivative appearing in the pull-back by the covariant derivative, D_ρ. This requirement was first obtained in the context of the non-abelian D-brane action in [18]. With this modification we find that γ_λ transforms as γ_λ → −B^{ηδ} F_{ηλ}γ_δ, which gives rise to precisely the missing term required for invariance.

More generally, one can assume a lagrangean of the form M^{μν} (F )Ψ̄γ_ν ∂_ν Ψ. Requiring invariance under the SW map leads to the equation (F_{ρη}B^{ηδ} F_{δλ} − B_{ρλ}) δM^{μν} δF_{ρλ} + B^{μη} F_{ηδ}M^{δν} + M^{μη} F_{ηδ} B^{δν} + 1 2 B^{ηδ} F_{ηδ} M^{μν} = 0 , (3.8)

which is solved by (assuming that M^{μν} ∝ δ^{μν} + · · · for small F ): M^{μν} ∝ √ det h h^{μν}_S .

This can be shown by making a general ansatz of the form M^{μν} = ∑ p g_p(F )(F^p)^{μν} .

By a suitable rescaling of the Ψ’s, we find that the above terms arise form the expansion of √ det(h_{μν} + Ψ̄γ_{(μ}∂_{ν)}Ψ) to second order in Ψ. We would like to compare this expression to the two-fermion part of the full (gauge-fixed) D-brane action [19]. In this action, the argument of the determinant is h_{μν} + Ψ̄γ_{(μ}∂_{ν)}Ψ) + B_{μν} + Ψ̄γ_{[μ}∂_{ν]}Ψ.

It thus appears that it is the combination B_{μν} + Ψ̄γ_{[μ}∂_{ν]}Ψ which should be identified with the B appearing in the SW map. One may also investigate invariance of the full gauge-fixed κ-symmetric action (which includes higher powers of the fermions), but we will not do so here. Note that the SW map does not mix terms with different numbers of fermions. To relate different orders in the expansion in powers of the fermions one need to use another approach, such as for instance the one described in [20].

3.2 Derivative corrections: general framework

For the discussion of the derivative corrections it is convenient to introduce some further terminology (related discussions can be found in [9, 11]; in particular, some of the results below were also obtained in [9]).

We will call an expression T_{μ1 ,...,μk} a covariant tensor under the SW map (or simply a tensor when no confusion is likely to arise) if it transforms as: T_{μ1...,μ2} → F_{μ1 η}B^{ηδ}T_{δμ2 ,...,μn} + · · · + F_{μnη}B^{ηδ} T_{μ1...μn−1δ} + A_ηB^{ηδ} ∂_δT_{μ1 ,...,μn} . (3.9) Similarly, a contravariant tensor under the SW map is a quantity which transforms as T^{μ1...μn} → −B^{μ1 η}F_{ηδ} T^{δμ2,...,μn} − · · · − B^{μnη}F_{ηδ} T^{μ1...μn−1 δ} + A_ηB^{ηδ} ∂_δT^{μ1,...,μn} . (3.10) Tensors with mixed index structure are defined in the usual way. It follows from a short calculation that any expression of the form^1_{gs} √ hS, where S is a scalar (i.e. formed out of fully contracted tensors of the above form) is invariant under the SW map to first order. Moreover, the scalar S is invariant under the above transformations without the A_ηB^{ηδ} ∂_δ part. An example of a covariant tensor is D_ρF_{μν} ; note that F_{μν} itself is not a tensor, nor is D_ρD_λF_{μν} . An example of a contravariant tensor is h^{μν}_S . Indices can thus be raised using h^{μν}_S (and lowered with its inverse, which is also a tensor since δ^μ_ν is) without violating the tensor property, although we will not use this convention; all occurences of h^{μν}_S are written explicitly. On the other hand h^{μν}_A does not satisfy (3.9) and hence is not a tensor. It does however have a simple transformation rule Δh^{μν}_A = B^{μν} − B^{μη} F_{ηδ}h^{δν}_A − B^{νη}F_{ηδ} h^{μδ}_A + A_ηB^{ηδ} ∂_δh^{μν}_A . (3.11) We will also need the transformation of D_ρD_λF_{μν} :

ΔD_ρD_λF_{μν} = B^{ηδ} [∂_ρ∂_λ(F_{μη} F_{δν} ) + ∂_ρ(F_{λη}∂_δF_{μν} ) − F_{ρη}∂_δ∂_λF_{μν} ] + A_ηB^{ηδ} ∂_δ ∂_ρ∂_λF_{μν} . (3.12) Comparing the above formulæ to the related ones appearing in [9] (where the restriction to first order in B was not used), we see that after replacing B by −θ they become equal; thus, from an algebraic point of view restricting to small B is actually not a limitation. Using the above results one can show that although D_ρD_λF_{μν} is not a tensor, the following expression is: D_ρD_λF_{μν} − D_ρF_{λη}h^{ηδ}_A D_δF_{μν} − D_ρF_{μη}h^{ηδ}_A D_λF_{δν} − D_ρF_{νη} h^{ηδ}_A D_λF_{μδ} . (3.13) This suggests the following definition of a covariant derivative acting on a covariant tensor D_ρT_{μ1 ,...,μk} = D_ρT_{μ1,...,μk} − D_ρF_{μ1η}h^{ηδ}_A T_{δ,...,μk} − · · · − D_ρF_{μkη}h^{ην}_A T_{μ1 ,...,μk} . (3.14) It is straightforward to check that this expression indeed transforms as a covariant tensor. Similarly, acting on a contravariant tensor D_ρT^{μ1,...,μk} = D_ρT^{μ1,...,μk} + h^{μ1η}_A D_ρF_{ηδ}T^{δ,...,μk} + · · · + h^{μk η}_A D_ρF_{ηδ} T^{μ1,...,μk} , (3.15) one obtains a mixed tensor. Notice that with this definition D_ρh^{μν}_S = 0. Computing the commutator of two D’s one finds (to zeroth order in the non-commutativity parameter)

[D_ρ, D_λ]V_μ = −[∂_ρF_{μη}h^{ηδ}_S ∂_λF_{δν} h^{νγ}_S − (ρ↔λ)]V_γ + ∂_ηF_{ρλ}h^{ηγ}_A D_γ V_μ . (3.16)

By comparing this expression to the usual result [D_ρ, D_λ]V_μ = −R^γ_{μρλ}V_γ +T^γ_{ρλ}D_γ V_μ, one can read off the Riemann tensor and the torsion: R^γ_{μρλ} = ∂_ρF_{μη}h^{ηδ}_S ∂_λF_{δν} h^{νγ}_S − (ρ↔λ) , T^γ_{ρλ} = −h^{γη}_A ∂_η F_{ρλ} . (3.17) There is an apparent contradiction since the torsion is not a tensor under the SW map; this is an artefact of taking the commutative limit. Retaining the D’s one gets an additional term on the right-hand side of the defining relation (3.16): [D_ρ, D_λ]V_μ = −^i_{2πα′} [F_{ρλ}, V_μ]. This term compensates the unwanted part of the transformation of T^γ_{ρλ}D_γ V_μ.

We will end this section with a few remarks. Above we used the “canonical” SW map. In general, field redefinitions will change the SW map. It is easy to see that a tensor will generically not remain a tensor after a field redefinition. The ambiguity of the SW map and the relation to field redefinitions was first pointed out in [21] (see also [10]). The possibility of derivative corrections to the SW map will be discussed later on.

3.3 Bosonic-string D-branes: two derivative corrections

Before discussing the D-branes in the superstring theory we will briefly discuss the case of the two-derivative corrections to the action for a D-brane in the bosonic string theory. The two-derivative corrections involving four powers of the gauge field strength, F , were calculated several years ago [3]. More, recently, an extension of this result to all orders in F was proposed using the partition function approach with a proper treatment of the tachyon [12, 22]. We will now rederive the result in [12] via a different more heuristic route. Up to field redefinitions the fourth-order expression for the two-derivative corrections is given by (to indicate the relative normalisation, we have also included the zeroth-order term) S = − ∫ √ h + 2πα^′ 48π (4J_3 − 8J_2 − J_1) , (3.18)

where

J_1 = F_{ηδ}F^{δη} ∂_ρF_{μν} ∂^ρF^{νμ} , J_2 = F^{ρδ}F_δ^λ∂_η F_{ρμ}∂^η F^μ_λ , J_3 = F^{ρδ}F_δ^λ∂_ρF_{μη} ∂_λF^{ημ} . (3.19) With the assumption that the all-order result for the two-derivative corrections should be expressible in terms of h^{μν} and ∂^kF ’s only, a basis of all possible twoderivative terms (modulo field redefinitions and integrations by parts) is

X_1 = √ h h^{μν}_A h^{ηδ}_A h^{ρλ}_S ∂_ρF_{μν} ∂_λF_{ηδ} , X_2 = √ h h^{μν}_A h^{ηδ}_A h^{ρλ}_S ∂_μF_{ηρ}∂_δ F_{νλ} , X_3 = √ h h^{μν}_S h^{ηδ}_S h^{ρλ}_S ∂_ρF_{μη}∂_λF_{νδ} , X_4 = √ h h^{μν}_A h^{ηδ}_A h^{ρλ}_S ∂_μF_{ηρ}∂_ν F_{δλ} . (3.20) For completeness we note that

X_5 = √ h h^{μν}_A h^{ρλ}_A h^{ηδ}_S ∂_η F_{δρ}∂_λF_{μν} , X_6 = √ h h^{μν}_A h^{ρλ}_S ∂_ρ∂_λF_{μν} , (3.21)

can be related to the above basis elements via the identities (total derivatives as well as terms removable by field-redefinitions are treated as 0) 0 = √ h h^{μν}_A ∂_μ(h^{ρλ}_S ∂_ρF_{λν} ) = 1 2 X_6 − 2X_2 + X_4 ,

0 = ∂_ρ( √ h h^{μν}_A h^{ρλ}_S ∂_λF_{μν} ) = X_6 − 2X_2 − X_3 + 2X_4 − X_5 . (3.22)

The most general action consistent with the requirement that it reduces to (3.18) when restricting to the fourth-order terms is S = − ∫ √ h ( 1 + 2πα^′ 12π [4X_4 + γX_3 − 2(3−γ)X_2] ) , (3.23)

where γ is undetermined by our approach. To determine γ one would need to use another approach, such as the β-function method [23]. The above result agrees with the more careful derivation given in [12].

Before proceeding to discuss the transformation properties of the above action under the SW map, let us discuss the dimensional reduction of the above action.

Using the methods of section 2 and retaining only the transverse scalars in the lower dimension we find X_2 → −g^{μλ}∂_λX^ig^{μδ}∂_δX^j∂_μ∂_ρX_j ∂_ν ∂_λX_i , X_3 → 2h^{ij}g^{ρλ}g^{μν} ∂_ρ∂_μX_i∂_λ∂_ν X_j = 2Ω_{ρμ} · Ω^{ρμ} , X_4 → 0 . (3.24)

We see that X_3, but not X_2, can be written in terms of the second fundamental form, Ω^i_{μν} . This seems to suggest that X_2 should not appear in the action, which would imply γ = 3. Furthermore, the numerical coefficient in front of the Ω^2 term then agrees with the recent result [24]. We would also like to point out that only for γ = 3 is it possible to write the action (3.23) in terms of h^{ρλ} and S_{ρλμν} (2.3) only. This can e.g. be accomplished by using X_3 = 2h^{ρλ}_S h^{μν}_S S_{ρμνλ} and X_4 =^1_2 h^{ρλ}_A h^{μν}_A S_{ρλμν} .

We now turn to the transformation properties of the above action under the SW map. From the general discussion about invariants presented earlier it is easy to see that there is only one two-derivative invariant that can be constructed, namely X_3. Thus, the action (3.23) appears not to be invariant under the SW map. This was first observed in [8] for the fourth-order terms. A resolution was later proposed [10] which resolved the problem by modifying the SW map at order α^′. We will now check if a similar procedure also works to all orders in the gauge field. First we note that

ΔX_4 = √ h B^{μν} h^{ηδ}_A h^{ρλ}_S ∂_μF_{ηρ}∂_ν F_{δλ} + √ h h^{μν}_A B^{ηδ} h^{ρλ}_S ∂_μF_{ηρ}∂_ν F_{δλ} . (3.25) The first term can be canceled by adding the term^i_{3π} √ hh^{ηδ}_A h^{ρλ}_S [F_{ηρ}, F_{δλ}] to the lagrangean of the non-commutative theory. Reinterpreting this correction as a correction to the non-abelian action:^i_{3π} Tr( √ hh^{ηδ}_A h^{ρλ}_S [F_{ηρ}, F_{δλ}]) =^i_{3π} Tr(F^{ηδ}[F_{ηρ}, F_δ^λ])+· · ·, one finds that the coefficient of the F^3 term agrees with the known result [25] for the non-abelian action (after taking into account differences in conventions). Thus, the first term in (3.25) can be understood, but what about the second term? In order for a term of the form √ hh^{μν}_A V_{μν} to be removable by a modification of the SW map for the gauge field, A_μ it is necessary that ∂_{[ρ}V_{μν]} = 0. The second term in (3.25) corresponds to V_{μν} = B^{ηδ} h^{ρλ}_S ∂_μF_{ηρ}∂_ν F_{δλ}, which does not satisfy the requirement ∂_{[ρ}V_{μν]} = 0 and thus can not be removed by modifying the SW map. We note that the leading order term V_{μν} = B^{ηδ} δ^{ρλ}∂_μF_{ηρ}∂_ν F_{δλ} does, however, satisfy the requirement ∂_{[ρ}V_{μν]} = 0 and can thus be removed; this is the modification discussed in [10]. We conclude that if the action (3.23) is the correct extension to all orders in F then it appears not to be invariant under the SW map, even if one allows for modifications of the form discussed in [10]. A possible resolution might be that the tachyon should have a non-trivial F -dependent transformation under the SW map.

3.4 Superstring D-branes: four-derivative corrections We will now discuss the four-derivative corrections [4] to the parity-conserving part of the D9-brane action in type II superstring theory (cf. (2.2)). However, before turning to the four-derivative corrections, let us discuss the two-derivative corrections. It is known that the two-derivative corrections to the action for the commutative theory vanish. In the action for the non-commutative theory there might be additional commutator terms of the form K^{μνηδ} (F )[F_{μν} , F_{ηδ}]. The O(B) part of such a commutator term could be canceled (assuming K^{μνηδ} (F ) is a tensor) by the term 2πα^′h^{ρλ}_A K^{μνηδ} (F )D_ρF_{μν} D_λF_{ηδ} , but since such a term survives in the commutative limit it has to be absent. Thus one can argue that the absense of the two-derivative corrections in the commutative action implies the absense of “one-commutator” corrections in the non-commutative action. We have not really proven this statement here, since one would also need to show that the there are no commutator terms which transform into terms which are either total derivatives or can be removed by field redefinitions.

Let us now turn to the four-derivative corrections to the D9-brane action (2.2). By inspection it is easy to see that the action is not related in any simple way to tensors under the SW map, cf. the discussion earlier in this paper. It turns out to be very involved to rewrite the action in terms of invariants by using integrations by parts etc. We will therefore only discuss a subset of the corrections here, namely the terms which vanish upon dimensional reduction when setting the gauge field in the lower dimension to zero. These terms were identified in section 2, where the action was also written in a form convenient for performing the dimensional reduction (2.5), (2.6). It turns out that this way of writing the corrections is also the most convenient form to use when discussing the invariance under the SW map.

Using earlier results it is easy to see that the action (2.5) can be rewritten as −T_9 ∫ d^{10}x √ h [ 1 − (2πα^′)^2 96 (I_1 − 2I_2 + I_3 + 4I_4) ] , (3.26)

where

I_1 = h^{μ1μ4}_S h^{μ2μ3}_S h^{ρ1ρ4}_S h^{ρ2ρ3}_S D_{(ρ1} D_{ρ2)}F_{μ1 μ2} D_{(ρ3} D_{ρ4)}F_{μ3μ4} , I_2 = h^{μ1μ4}_S h^{μ2μ3}_S h^{ρ1ρ2}_S h^{ρ3ρ4}_S h^{ν1ν3}_S h^{ν2ν4}_S D_{ρ1} F_{μ1 ν1} D_{ρ2} F_{μ2ν2} D_{ρ3} F_{μ3 ν3} D_{ρ4} F_{μ4ν4} , I_3 = h^{μ1μ2}_S h^{μ3μ4}_S h^{ρ1ν3}_S h^{ρ2ν4}_S h^{ν1ν2}_S h^{ρ3ρ4}_S D_{ρ1} F_{μ1 ν1} D_{ρ2} F_{μ2ν2} D_{ρ3} F_{μ3 ν3} D_{ρ4} F_{μ4ν4} , I_4 = h^{μ1μ2}_S h^{μ3ρ4}_S h^{ρ3μ4}_S h^{ρ1ρ2}_S h^{ν1ν2}_S h^{ν3ν4}_S D_{ρ1} F_{μ1 ν1} D_{ρ2} F_{μ2ν2} D_{ρ3} F_{μ3 ν3} D_{ρ4} F_{μ4ν4} . (3.27)

We conclude that all the I_i’s are built out of tensors and thus the action (3.26) is manifesly invariant. To complete the proof of the invariance of the four-derivative corrections (2.2) under the SW map, one has to show that the remaining terms can also be written in terms of invariants or that their variation can be canceled by adding commutator terms to the action or that they can be removed by field redefinitions. We hope to return to this question elsewhere.

We will end this section with a discussion of the various Riemann tensors and covariant derivatives that have appeared in this paper. Firstly, we have the Riemann tensor (3.17) associated with the covariant derivative (3.14), (3.15) and the SW map (3.9), (3.10). Secondly, we have the Riemann tensors (2.13) associated with the embedding of a lower-dimensional D-brane into ten-dimensional space. The tensors and invariants of these two classes appear to be related. For instance, the invariants under the SW map (cf. (3.27)) descend into invariants (cf. (2.9), (2.10) ) expressed in terms of the second fundamental form. Notice also the similarlty between the two Riemann tensors (2.13) and (3.17).

Yet another Riemann tensor also appeared above, namely the one (2.3) in terms of which the derivative corrections (2.2) are expressed. This Riemann tensor is constructed from the non-symmetric metric h_{μν} and has an associated covariant derivative, D_ρ, defined as (note the placement of the indices on Γ^λ_{μρ}): D_ρT_{μ1,...,μk} = ∂_ρT_{μ1,...,μk} − Γ^λ_{μ1ρ}T_{λ,...,μk} − · · · − Γ^λ_{μkρ}T_{μ1 ,...,λ} , (3.28) with Γ^λ_{μρ} = h^{λσ} ∂_μF_{σρ}. Computing the commutator of two covariant derivatives we get [D_μ, D_ν ] = −S^λ_{σμν} V_λ + T^λ_{μν} D_λV_σ, with S^λ_{σμν} = h^{λδ}S_{δσμν} , where S_{δσμν} is as in (2.3), and the torsion T^λ_{μν} is given by T^λ_{μν} = h^{λσ}∂_σ F_{μν} . Let us try to relate these results to the covariant derivative and Riemann tensor associated with the SW map. The connection associated to the covariant derivative appearing in (3.9) is Γ^λ_{μρ} = h^{λσ}_A ∂_ρF_{σμ}. This expression involves h^{μν}_A rather than h^{μν} , but since h^{λσ}_S ∂_ρF_{σμ} is a tensor we may always add such a term to the connection, which gives Γ^λ_{μρ} = h^{λσ}∂_ρF_{σμ}. Comparing this connection to the one associated with S_{ρλμν} we see that the two connections have the same symmetric part Γ^λ_{(ρμ)}, but the antisymmetric parts (and the hence the torsions) are opposite in sign. The associated Riemann tensors are rather different since one has a ∂^2F part (2.3), whereas the other does not (adding the above tensor to the connection does not change this aspect of (3.17)). The interplay and relations between the different Riemann tensors might merit further investigation.

Let us also remark that the results obtained in the recent work [14], where the choice Φ = −B was used, indicate that with this choice the natural framework in which to address the invariance of the derivative corrections is the one in which the corrections are written in terms of S_{ρλνμ}. The fact that for our choice of Φ (Φ = 0) another connection was more natural suggests that there might be some relation between the choice of connection and the choice of Φ.

4. Speculations on higher-order corrections

In this paper we have concentrated on four-derivative corrections. An interesting question is to what extent it is possible to obtain information about the corrections at higher orders in the derivative expansion. Explicit calculations become very involved, and are not a practical option (at least for the Born-Infeld part; the calculations for the Wess-Zumino term are somewhat simpler and certain higher order corrections were determined in [4]). One possible approach would be to use the SW map and the methods discussed in section 3 to try to constrain the corrections. Unfortunately the number of possible invariants grows very quickly with the number of derivatives, and there is no simple method to fix the undetermined coefficients (see, however, [14] for a more promising approach). Because of these difficulties we will try another more speculative approach. Our starting point is the following relation:

−T_9 e^{ζ(2)2 (α′2 )tr(Sμ1 μ2 Sμ3μ4 ) δδFμ}2^μ1^{δδFμ}4^μ3 √ h = = −T_9 ( 1 + (2πα^′)^2 96 [ − h^{μ4 μ1} h^{μ2μ3} h^{ρ4ρ1} h^{ρ2ρ3} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} + + 1 2 h^{ρ4ρ1} h^{ρ2ρ3} S_{ρ1ρ2} S_{ρ3ρ4} ])√ h + O(α^{′4}) , (4.1)

where we have used the definition (S^{ρ1}_{ρ2} )_{μ1μ2} := h^{ρ1λ}S_{λρ2μ1 μ2} and tr denotes the ordinary trace over the ρ indices. We note that the right-hand side of the above relation is precisely equal to the expression for the four-derivative corrections in eq. (2.2). The left-hand side of the above relation (4.1) is reminiscent of the expression for the derivative corrections to the Wess-Zumino term determined in [4]

S_{WZ} = T_9 ∫ exp [∑ n≥2 ζ(n) n tr(α^′S)^n ] Ce^F , (4.2)

where we have suppressed all wedge products and S is the matrix-valued two-form S^{ρ1}_{ρ2} :=^1_{2!} h^{ρ1λ}S_{λρ2μ1μ2} dx^{μ1} ∧ dx^{μ2} . Notice that we have raised one index using h^{ρ1λ} compared to the definition used in [4] (this change allows us to use an ordinary trace (denoted by tr) instead of the construction used there). The first term in the sum in the exponent in (4.2),^{ζ(2)}_2 tr(α^′S)^2, becomes equal to the exponent in the expression on the left hand side of the equality (4.1) if one makes the substitution tr(S ∧ S) → tr(S_{μ2μ1} S_{μ4 μ3} )^δ_{δFμ1μ2}^δ_{δFμ3μ4} . There is a natural extension of this rule to all terms in (4.2) giving rise to the conjectured derivative corrections to the Born-Infeld part of the action: −T_9 ∫ d^{10}x exp [∑ n≥2 ζ(n) n tr ( α^′S_{μν} δ δF_{νμ} )_n]√ h . (4.3)

If this prescription would continue to hold beyond O(α^{′2}), one could use it to obtain derivative corrections to the Born-Infeld action from the corrections to the Wess- Zumino term (above we have only given the prescription for the known derivative corrections to the Wess-Zumino term). This would be a powerful tool, since the corrections to the Wess-Zumino term are easier to calculate. In the rest of this section we will investigate whether such a relation could be true.

First of all, the prescription as we have stated it (4.3) is not precise. For instance, one has to decide how to order the^δ_{δF} ’s vs. the S’s when expanding the exponential.

Another issue is that the expansion of the exponential terminates for the Wess- Zumino term since forms of degree higher than ten vanish identically, whereas, at least at first sight, this is not the case for the expression arising after using the above replacement rule. Setting these ambiguities aside for the moment, is there any way one can hope to test the proposed relation? As pointed out above it is in general very involved to calculate derivative corrections directly. Fortunately there is, however, at least one class of corrections that are within reach, namely the corrections which involve only powers of terms of the form h^{μν}_A ∂_{ρ1} · · · ∂_{ρk} F_{μν} for the Born-Infeld term and wedge products of two-forms of the form ∂_{ρ1} · · · ∂_{ρk} F in the Wess-Zumino term.

At this point we need to recall some terminology and formulæ from [4]. We will be brief; the interested reader may refer to [4] and references therein for further details. The boundary state for a D9-brane in the presence of a general gauge field is [26] |B(F (X))⟩ = e^{− i2πα′ ∫ dσ}[^{∂σ XμAμ(X)− 12 ΨμΨν Fμν (X)}]|B⟩. (4.4) One can write this expression more compactly, by packaging X^μ and Ψ^μ into the superfield ϕ^μ = X^μ +θΨ^μ and introducing the super-covariant derivative D = θ∂_σ −∂_θ, as |B(F (X))⟩ = e^{− i}2πα^{′ ∫ dσdθDϕμ Aμ(ϕ)}|B⟩. It is known [26] that the parity-conserving contribution to the effective action is proportional to (in the absence of a B_{μν} -field) S_{BI} = ⟨0|B(F (X))⟩_{NS}, and that the parity-violating part of the effective action which couples linearly to the background RR form fields is obtained by calculating the overlap between the state |C⟩ representing these fields and the boundary state (see e.g. [27]), i.e. S_{WZ} = ⟨C|B(F (X)⟩_R.

To study derivative corrections to the effective action one Taylor expands A_μ(ϕ) around the zero mode of ϕ (which we denote φ_0), i.e. one splits ϕ as φ_0 + ϕ̃:

A_μ(ϕ) = ∞∑ n=0 1 n! ϕ̃^ν1 · · · ϕ̃^νn ∂_{ν1} · · · ∂_{νn} A_μ(φ_0) (4.5)

Using this result one finds ∫ dσdθD_σ ϕ^μA_μ(ϕ) = ∫ dσdθ ∞∑ k=0 1 (k+1)! k+1 k+2 Dϕ̃^νϕ̃^μϕ̃^{λ1} · · · ϕ̃^{λk} ∂_{λ1} · · · ∂_{λk} F_{μν} (x) −

− ∫ dσ[2Ψ̃^μψ^ν_0 +^1_2 ψ^μ_0 ψ^ν_0 ] ∞∑ k=0 1 k! X̃^λ1 · · · X̃^λk ∂_{λ1} · · · ∂_{λk} F_{μν} (x) , (4.6)

where we have used that in the NS sector φ^μ_0 = x^μ whereas in the R sector φ^μ_0 = x^μ + θψ_0 (thus, in the NS sector the second term in (4.6) is absent).

After this brief digression we now return to the discussion of the restricted class of derivative corrections described above. Let us start by calculating the relevant corrections to the WZ term. To this end, we keep only the terms of the form

X̃ kψ^μ_0 ψν_0 ∂kF_{μν} in the expansion (4.6). This leads to the following contribution to the WZ term ⟨C|e^i4πα^{′ ψμ0 ψν0 ∫ dσ ∑∞k=2 1k! X̃ρ1 ···X̃ρk ∂ρ1 ···∂ρk Fμν} |B(F )⟩_R . (4.7) Next we evaluate the zero-mode part using the result (here |0⟩ denotes the vacuum state which is annihilated by all the annihilation oscillators)

⟨C|(ψ^μ_0 ψ^ν_0 N_{μν} )^k|B(F )⟩_R → C ∧ ⟨0|(−2iα^′N)^k|B(F )⟩_R , (4.8)

to obtain C ∧ ⟨0|e^{12π ∫ dσ ∑∞k=2 1k! X̃ρ1 ···X̃ρk ∂ρ1 ···∂ρk F} |B(F )⟩_R . (4.9) To proceed further one needs to calculate the various correlations functions of the form ⟨0|X̃^K |B(F )⟩_R which appear when expanding the exponential. These correlation functions can be expressed in terms of sums as in [4], however, it appears to be very difficult to calculate all contributions to (4.9) that way. We will circumvent this problem by applying the prescription directly to the expression (4.9). This means that one needs to check separately that the renormalization works in the same way for the two expressions.

By applying the above suggested rule to convert the expression (4.9) into conjectured corrections to the Born-Infeld term, one finds −⟨0|e^{12π} ∫ dσ ∑_∞ k=2 1 k! X^{ρ1} ···X^ρk ∂_{ρ1} ···∂_{ρk} F_{μν}^δ_{δFνμ} |B(F )⟩ R √ h . (4.10)

Finally using the result^δ_{δFμν} √ h = −^1_2 h^{μν}_A √ h we find −⟨0|e^{− 14π ∫ dσ ∑∞k=2 1k! Xρ1 ···Xρk hμνA ∂ρ1 ···∂ρk Fμν} |B(F )⟩_R √ h + terms with other structures . (4.11) This conjectured expression should be compared to the one obtained by direct calculation. To determine the relevant corrections to the Born-Infeld part we need to consider the expression ⟨0|e^{− i}2πα^{′ ∫ dσdθDϕμAμ(ϕ)}|B(F )⟩_{NS} with the exponent expanded as in (4.6). We are only interested in the terms which have one internal contraction between Dϕ and a ϕ. For such terms we find Dϕ^νϕ^μϕ^{ρ1} · · · ϕ^{ρk} ∂_{λ1} · · · ∂_{λk} F_{μν} = = [D_1G^{νμ}_{12} ]_{2→1}ϕ^{ρ1} · · · ϕ^{ρk} + k[D_1G^{νρ1}_{12} ]_{2→1}ϕ^μϕ^{ρ2} · · · ϕ^{ρk} ∂_{λ1} · · · ∂_{λk} F_{μν} = 1 2 θ(iα^′)(k + 2)h^{νμ}_A ϕ^{ρ1} · · · ϕ^{λk} ∂_{λ1} · · · ∂_{λk} F_{μν} , (4.12)

where in the last step we have used the Bianchi identity and the result [D_1G^{νμ}_{12} ]_{2→1} = 1 2 θ(iα^′)h^{νμ}_A . Using this result together with (4.6) we find ⟨0|e^{− 14π ∫ dσ ∑∞k=2 1k! Xρ1 ···Xρk hμνA ∂ρ1 ···∂ρk Fμν} |B(F )⟩_{NS} , (4.13) which is almost the same as (4.11), except that this expression does not have a factor of √ h and involves the NS sector whereas (4.11) involves the R sector. However, since neither expression involves any explict fermions, the only difference will be in the overall ⟨0|B(F )⟩ factor. Using, ⟨0|B(F )⟩_R = T_p, whereas ⟨0|B(F )⟩_{NS} = −T_p √ h, we find agreement. One can argue that a renormalization of F : F → F + δF gives rise to the same change in the Wess-Zumino and Born-Infeld terms. For instance, the leading term arises from δe^F = δF e^F in the Wess-Zumino term whereas it arises from δF_{μν}^δ_{δFμν} √ h in the Born-Infeld term; these two changes are connected via the prescription.

We have thus shown that the prescription (4.3) makes sense for an infinite class of terms. A few comments are in order. For consistency one has to formally extend the sum arising from the Wess-Zumino term to run over all values. For the terms we considered it was obvious how to do this; for more general corrections this might be ambgious. Furthermore, when expanding the exponential in (4.3) all^δ_{δF} ’s were brought to the right. Within the calculational scheme we have used the prescription appears to be natural. If another scheme is used to calculate derivative corrections integrations by parts might be needed to make the prescription work.

Is it possible to gather further evidence in favor of (4.3)? There is another class of corrections which are also amenable to analysis, namely terms which are built out of scalars involving four derivatives each. Writing the part of |B(F (X))⟩ keeping only terms with at most two derivatives in (4.6) schematically as exp[∂F + ∂^2F ]|B(F )⟩ we find the following 4k-derivative corrections to the Born-Infeld term keeping only the relevant contractions (we use a very schematic notation; the details are not important): 1 2k! ⟨0|(∂^2F )^{2k}|B(F )⟩ → (2k − 1)!! 2k! ⟨[∂^2F ∂^2F ]^k⟩ = 1 k! ⟨[ 1 2 ∂^2F ∂^2F ]^k⟩ , (4.14)

where ⟨·⟩ is short hand for ⟨0|·|B⟩_{NS} and the terms inside square brackets are assumed to have all indices contracted. Similarly, one finds 1 k!2k! ⟨(∂^2F )^k(∂F )^{2k}⟩ → 1 k!2k! 2k! 2^k ⟨[∂^2F ∂F ∂F ]^k⟩ = 1 k! ⟨[ 1 2 ∂^2F ∂F ∂F ]_k⟩ (4.15)

and also^1_{4k!} (∂F )^{4k}) →^1_{4k!}^{4k!}_{(4!)k k!} ⟨[(∂F )^4]^k⟩ =^1_{k!} ⟨[^1_{4!} (∂F )^4]^k⟩. From these results it follows that the corrections to the Born-Infeld term can be written −T_p √ h^1_{k!} (L_4)^k, where L_4 is equal to the four-derivative part of the action (2.2). Let us now turn to the Wess-Zumino term. It is clear that only the ζ(2) term contributes since all the other terms involve contractions between more than two ∂^nF ’s (this is also necessarily true for all the corrections that we have not determined as one can convince oneself by using the results in [4]). Applying the prescription we get −T_p^1_{k!} (^{ζ(2)}_2 α^{′2}tr(S)^2)^k(^δ_{δF} )^{2k} √ h = −T_p^1_{k!} (L_4)^k √ h + other terms. Here we have used the fact that there is only one way in which the^δ_{δF} ’s can act to give terms of the required form. We thus find agreement also for this class of terms.

Above we have gathered some evidence for the correctness of the prescription (4.3). There are of course other corrections to the Wess-Zumino term, which will modify or invalidate this prescription. For instance, there are also six-derivative fourform corrections to the Wess-Zumino term (the two-form six-derivative corrections can be removed by field redefinitions). Also, there might be additional corrections arising from the expansion of the form fields C as C(X) = C(x) + X^μ∂_μC(x) + . . .. Roughly speaking, it might be that all these additional contributions involve covariant derivatives of S and there might be a sense in which they can be neglected. A very non-trivial check of the “all order in S” proposal (4.3) would be to check that it is invariant under the SW map. Unfortunately, the method used in this paper makes this rather involved since several integrations by parts are needed to make the invariance manifest. The approach pursued in [14] looks more promising, but there is of course no guarantee that the restriction to only the corrections (4.2) leads to corrections to the Born-Infeld action that are invariant by themselves. Finally, as an example we will write down explicity the form of the six-derivative corrections that arise from the prescription: −T_p ∫ d^{10}x √ hα^{′3} ζ(3) 6 [{ h^{μ2μ3} h^{μ4μ5} h^{μ6μ1} + h^{μ2μ5} h^{μ6μ3} h^{μ4 μ1} + 1 2 h^{μ5μ6} h^{μ4μ1} h^{μ2 μ3} + + 1 2 h^{μ3μ4} h^{μ2μ5} h^{μ6 μ1} + 1 2 h^{μ1μ2} h^{μ4μ5} h^{μ6μ3} − − ( 1 2 )_2 h^{μ1 μ2} h^{μ3μ4} h^{μ5μ6} } × × h^{ρ2ρ3} h^{ρ4ρ2} h^{ρ6ρ1} S_{ρ1ρ2μ1μ2} S_{ρ3ρ4μ3μ4} S_{ρ5ρ6μ5μ6} ] . (4.16)

A first check of these terms would be to check that they vanish in the Seiberg-Witten limit used in [14], as this is required for consistency with the approach used there.

References

[1] J. Dai, R.G. Leigh and J. Polchinski, New connections between string theories, Mod.

Phys. Lett. A 4 (1989) 2073;

J. Polchinski, Dirichlet-branes and Ramond-Ramond charges, Phys. Rev. Lett. 75 (1995) 4724 [hep-th/9510017]; Tasi lectures on D-branes, hep-th/9611050.

[2] E.S. Fradkin and A.A. Tseytlin, Nonlinear electrodynamics from quantized strings, Phys. Lett. B 163 (1985) 123;

A. Abouelsaood, J. Callan, Curtis G., C.R. Nappi and S.A. Yost, Open strings in background gauge fields, Nucl. Phys. B 280 (1987) 599;

E. Bergshoeff, E. Sezgin, C.N. Pope and P.K. Townsend, The Born-Infeld action from conformal invariance of the open superstring, Phys. Lett. B 188 (1987) 70;

R.G. Leigh, Dirac-Born-Infeld action from Dirichlet sigma model, Mod. Phys. Lett. A 4 (1989) 2767;

M.R. Douglas, Branes within branes, hep-th/9512077;

M. Li, Boundary states of D-branes and Dy-strings, Nucl. Phys. B 460 (1996) 351 [hep-th/9510161];

M. Aganagic, C. Popescu and J.H. Schwarz, D-brane actions with local kappa symmetry, Phys. Lett. B 393 (1997) 311 [hep-th/9610249];

M. Cederwall, A. von Gussich, B.E. W. Nilsson, P. Sundell and A. Westerberg, The Dirichlet super-p-branes in ten-dimensional type IIA and IIB supergravity, Nucl. Phys. B 490 (1997) 179 [hep-th/9611159];

E. Bergshoeff and P.K. Townsend, Super D-branes, Nucl. Phys. B 490 (1997) 145 [hep-th/9611173].

[3] O.D. Andreev and A.A. Tseytlin, Partition function representation for the open superstring effective action: cancellation of Möbius infinities and derivative corrections to Born-Infeld lagrangian, Nucl. Phys. B 311 (1988) 205.

[4] N. Wyllard, Derivative corrections to D-brane actions with constant background fields, Nucl. Phys. B 598 (2001) 247 [hep-th/0008125].

[5] M.B. Green, J.A. Harvey and G. Moore, I-brane inflow and anomalous couplings on D-branes, Class. and Quant. Grav. 14 (1997) 47 [hep-th/9605033]; Y.-K.E. Cheung and Z. Yin, Anomalies, branes and currents, Nucl. Phys. B 517 (1998) 69 [hep-th/9710206];

B. Craps and F. Roose, Anomalous D-brane and orientifold couplings from the boundary state, Phys. Lett. B 445 (1998) 150 [hep-th/9808074];

B. Stefanski Jr., Gravitational couplings of D-branes and O-planes, Nucl. Phys. B 548 (1999) 275 [hep-th/9812088];

J.F. Morales, C.A. Scrucca and M. Serone, Anomalous couplings for D-branes and O-planes, Nucl. Phys. B 552 (1999) 291 [hep-th/9812071];

C.A. Scrucca and M. Serone, A note on the torsion dependence of D-brane RR couplings, Phys. Lett. B 504 (2001) 47 [hep-th/0010022].

[6] C.P. Bachas, P. Bain and M.B. Green, Curvature terms in D-brane actions and their M-theory origin, J. High Energy Phys. 05 (1999) 011 [hep-th/9903210].

[7] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[8] Y. Okawa, Derivative corrections to Dirac-Born-Infeld lagrangian and noncommutative gauge theory, Nucl. Phys. B 566 (2000) 348 [hep-th/9909132].

[9] S. Terashima, On the equivalence between noncommutative and ordinary gauge theories, J. High Energy Phys. 02 (2000) 029 [hep-th/0001111].

[10] Y. Okawa and S. Terashima, Constraints on effective Lagrangian of D-branes from non- commutative gauge theory, Nucl. Phys. B 584 (2000) 329, [hep-th/0002194].

[11] L. Cornalba and R. Schiappa, Matrix theory star products from the Born-Infeld action, Adv. Theor. Math. Phys. 4 (2000) 249 [hep-th/9907211];

L. Cornalba, Corrections to the abelian Born-Infeld action arising from noncommutative geometry, J. High Energy Phys. 09 (2000) 017 [hep-th/9912293]; On the general structure of the non-abelian Born-Infeld action, hep-th/0006018; S. Terashima, The non-abelian Born-Infeld action and noncommutative gauge theory, J. High Energy Phys. 07 (2000) 033 [hep-th/0006058].

[12] O. Andreev, More about partition function of open bosonic string in background fields and string theory effective action, Phys. Lett. B 513 (2001) 207 [hep-th/0104061].

[13] H. Liu, ∗-Trek II: ∗_n operations, open Wilson lines and the Seiberg-Witten map,

hep-th/0011125;

Y. Okawa and H. Ooguri, An exact solution to Seiberg-Witten equation of noncommutative gauge theory, Phys. Rev. D 64 (2001) 046009 [hep-th/0104036]; S. Mukhi and N.V. Suryanarayana, Chern-Simons terms on noncommutative branes, J. High Energy Phys. 11 (2000) 006 [hep-th/0009101];

Gauge-invariant couplings of noncommutative branes to Ramond-Ramond backgrounds, J. High Energy Phys. 05 (2001) 023 [hep-th/0104045]; H. Liu and J. Michelson, Ramond-Ramond couplings of noncommutative D-branes, [hep-th/0104139].

[14] S.R. Das, S. Mukhi and N.V. Suryanarayana, Derivative corrections from noncommutativity, hep-th/0106024.

[15] A. Fotopoulos, On (α^′)^2 corrections to the D-brane action for non- geodesic worldvolume embeddings, hep-th/0104146.

[16] N. Seiberg, A note on background independence in noncommutative gauge theories, matrix model and tachyon condensation, J. High Energy Phys. 09 (2000) 003 [hep-th/0008013];

O. Andreev and H. Dorn, On open string sigma-model and noncommutative gauge fields, Phys. Lett. B 476 (2000) 402 [hep-th/9912070].

[17] A.A. Tseytlin, On non-abelian generalisation of the Born-Infeld action in string theory, Nucl. Phys. B 501 (1997) 41 [hep-th/9701125];

I. Taylor, Washington and M. Van Raamsdonk, Multiple Dp-branes in weak background fields, Nucl. Phys. B 573 (2000) 703 [hep-th/9910052];

R.C. Myers, Dielectric-branes, J. High Energy Phys. 12 (1999) 022 [hep-th/9910053].

[18] C.M. Hull, Matrix theory, U-duality and toroidal compactifications of M-theory, J.

High Energy Phys. 10 (1998) 011 [hep-th/9711179];

H. Dorn, Nonabelian gauge field dynamics on matrix D-branes, Nucl. Phys. B 494 (1997) 105 [hep-th/9612120].

[19] M. Aganagic, C. Popescu and J.H. Schwarz, Gauge-invariant and gauge-fixed D-brane actions, Nucl. Phys. B 495 (1997) 99 [hep-th/9612080].

[20] M. Cederwall, B.E. W. Nilsson and D. Tsimpis, The structure of maximally supersymmetric Yang-Mills theory: constraining higher-order corrections, J. High Energy Phys. 06 (2001) 034 [hep-th/0102009]; D = 10 superYang-Mills at O(α^{′2}), J. High Energy Phys. 07 (2001) 042 [hep-th/0104236].

[21] T. Asakawa and I. Kishimoto, Comments on gauge equivalence in noncommutative geometry, J. High Energy Phys. 11 (1999) 024 [hep-th/9909139].

[22] A.A. Tseytlin, Sigma model approach to string theory effective actions with tachyons, J. Math. Phys. 42 (2001) 2854 [hep-th/0011033].

[23] O.D. Andreev and A.A. Tseytlin, Two loop beta function in the open string sigma model and equivalence with string effective equations of motion, Mod. Phys. Lett. A 3 (1988) 1349.

[24] S. Corley, D.A. Lowe and S. Ramgoolam, Einstein-Hilbert action on the brane for the bulk graviton, J. High Energy Phys. 07 (2001) 030 [hep-th/0106067].

[25] A.A. Tseytlin, Vector field effective action in the open superstring theory, Nucl. Phys.

B 276 (1986) 391.

[26] C.G. Callan Jr., C. Lovelace, C.R. Nappi and S.A. Yost, Loop corrections to superstring equations of motion, Nucl. Phys. B 308 (1988) 221;

K. Hashimoto, Generalized supersymmetric boundary state, J. High Energy Phys. 04 (2000) 023, [hep-th/9909095].

[27] P. Di Vecchia, M. Frau, A. Lerda and A. Liccardo, (F,Dp) bound states from the boundary state, Nucl. Phys. B 565 (2000) 397 [hep-th/9906214].